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Abstract

Textons refer to fundamental micro-structures in natural images(and videos) and are
consideredas the atoms of pre-attentive human visual perception (Julesz, 1981). Unfortu-
nately, the word \texton" remains a vague conceptin the literature for lacking of a good
mathematical model. In this article, we rst presen a three-level generative image model
for learning textons from texture images. In this model, an image is a superposition of a
number of image basesselectedfrom an over-complete dictionary including various Gabor
and Laplacian of Gaussianfunctions at various locations, scales,and orientations. These
image basesare, in turn, generatedby a smaller number of texton elemens, selectedfrom a
dictionary of textons. By analogy to the waveform-phoneme-wat hierarchy in speed, the
pixel-base-textonhierarchy presens an increasingly abstract visual description and leadsto
dimension reduction and variable decoupling. By tting the generative model to obsened
images,we canlearn the texton dictionary asparametersof the generative model. Then the
paper proceedsto study the geometric, dynamic, and photometric structures of the texton
represertation by further extending the generative model to accourt for motion and illumi-
nation variations. 1). For the geometric structures, a texton consistsof a number of image
baseswith deformable spatial con gurations. The geometric structures are learned from
static texture images. 2). For the dynamic structures, the motion of a texton is character-
ized by a Markov chain model in time which sometimescan switch geometric con gurations
during the movemert. We call the moving textons as\motons". The dynamic models are
learned using the trajectories of the textons inferred from video sequence. 3). For pho-
tometric structures, a texton represerts the set of imagesof a 3D surface elemeri under
varying illuminations and is called a \ligh ton" in this paper. We adopt an illumination-
conerepresettation where a lighton is a texton triplet. For a given light source,a lighton
image is generated as a linear sum of the three texton bases. We presen a sequenceof
experiments for learning the geometric, dynamic, and photometric structures from images
and videos, and we also preseri some comparison studies with K-mean clustering, sparse
coding, independent componert analysis, and transformed component analysis. We shall
discusshow generaltextons can be learned from genericnatural images.



1 Intro duction

The purpose of vision, biologic and macdine, is to compute a hierarchy of increasingly
abstract interpretations of the obsened images(or image sequences).Thereforeit is of fun-
damertal importance to know what are the descriptionsusedat ead level of interpretation.
By analogyto physicsconcepts,we wonder what are the visual \electrons", visual \atoms",
and visual \molecules" for visual perception. The pursuit of basicimagesand perceptual
elemers is not just for intellectual curiosity but has important implications in a seriesof
practical problems. For example,

1. Dimension reduction. Decomposingan imageinto its constituent componerts reduces
information redundancy and leadsto lower dimensional represeniations. As we will
shaw in later examples,an image of 256 256 pixels can be represerted by about 500
image bases,which are, in turn, reducedto 50-80texton elemers. The dimension of
represenation is thus reducedby about 100folds. Further reductions are achieved in
motion sequencesand lighting models.

2. Variable decoupling. The decomposedimage elemerns becomemore and more inde-
pendert of eat other and thus are spatially nearly decoupled. This facilitates image
modeling which is necessaryfor visual tasks sudh as segmemation and recognition.

3. Biologic modeling. Micro-structures in natural images provide ecological clues for
understanding the functions of neuronsin early stagesof biologic vision systems[3 30].

In the literature, there are seweral threads of researt investigating fundamental image
structures from di erent perspectives, with many questionsleft unanswered.

Firstly, in neurophysiolay, the cellsin the early visual pathway (retina, LGN, and V1)
of primates are found to compute somebasic image structures at various scalesand orien-
tations [19]. This motivated somewell-celebratedimage pyramid represertations including
Laplacian of Gaussians(LoG), Gabor functions, and their variants [11, 32]. Howewer, very
little is known about how V1 cells are grouped into larger structures in higher levels (say,
V2 and V4). Similarly, it is unclear what are the genericimage represertations beyond the
image pyramids in image analysis.

Secondly in psychophysicsJulesz[21]and colleaguedliscoveredthat pre-attentiv e vision
is sensitive to some basic image features while ignoring other features. His experiments
measured the response time of human subjects in detecting a target elemen among a
number of distractors in the badkground. For example, Fig. 1 shows two pairs of elemens
in comparison. The responsetime for the left pair is instantaneous (100 200 ms) and
independert of the number of distractors. In contrast, for the right pair the responsetime
increaseslinearly with the number of distractors. This discovery was very important in
psydchophysics and motivated Juleszto conjecture a pre-attentiv e stage that detects some
atomic structures, sudh as elongated blobs, bars, crosses,and terminators [21], which he
called \textons" for the rst time.

The early texton studies were limited by their exclusive focus on arti cial texture pat-
terns instead of natural images. It was shown that the perceptual textons could be adapted
through training [22]. Thus the dictionary of textons must be assaiated with or learned



Figure 1: Twotypical examplesof searhing atarget elemert amonga number of background
distractors. The seard time for the left pair is constart independert of the number of
distractors, while it increaseslinearly with the number of distractors for the right pair.
After (Julesz, 1981).

from the ensenble of natural images. Despite the signi cance of Julesz'sexperimerts, there
have been no rigorous mathematical de nitions for textons. Later in this paper, we argue
that textons must be de ned in the context of a generative model of images.

Thirdly , in harmonic analysis onetreats imagesas 2D functions, then it can be showvn
that someclassesf functionals (such as Sobolev, Helder, Besor spaces)can be decompsed
into bases,for example, Fourier, wavelets [8], and more recertly wedgeletsand ridgelets [9].
It was proven that the Fourier, wavelets, and ridgelets basesare independert componerts
for various functional spaces(see[9] and refs therein). But the natural image ensenble is
known to be very di erent from those classicmathematical functional spaces.

The fourth perspective, and the most direct attack to the problem, is the study of
natural image statistics and image component analysis One important work is done by
Olshausenand Field [30] who learned someover-completeimage basesfrom natural image
patches (12 12 pixels) with the idea of sparsecoding. In contrast to the orthogonal and
completebasesin Fourier analysisor tight frame in wavelet transforms, the learnedbasesare
highly correlated, and a given image is coded by a sparsepopulation in the over-complete
dictionary. Added to the sparse coding idea is independent componert analysis (ICA)
which decomposesimagesas a linear superposition of someimage baseswhich minimizes
somemeasureof dependencebetweenthe coe cien ts of these bases[4]. Other interesting
work includes micro-image (3 3 pixels) patchesby Lee and Mumford who show the 3 3
pixel patches form very low dimensional and tight manifold in the 7-dimensional sphere
[24].

In this paper, we start with a three-level generative image model in Fig. 2. In this
model, an image | is a superposition of a number of image basesselectedfrom an over-
completedictionary  including various Gabor and Laplacian of Gaussianbasesat various
locations, scales,and orientations. We represen the image basesas attributed points, and
denotethem by a basemap B. The basemap B is, in turn, generatedby a smaller number
of texton elemers, denoted by a texton map T. The texton elemers are selectedfrom
a dictionary of textons . In this generative model, the base map B and texton map
T are hidden (latent) variables and the dictionaries and  are parametersthat should
be learned through tting the model to obsened images. By analogy to the waveform-
phoneme-wod hierarchy in speed, the pixel-base-textonhierarchy presens an increasingly



Figure 2: A three-level generative model: an image | (pixels) is a linear addition of some
image basesselectedfrom a basedictionary , sud as Gabors and Laplacian of Gaus-
sians. The base map is further generatedby a smaller number of textons selectedfrom
a texton dictionary . Each texton consistsof a number of basesin certain deformable
con gurations, for example, star, bird, cheetahblob, snow ak e, bean, etc.

abstract visual description. This represenation leadsto enormousdimensionreduction and
variable decoupling. We conjecture that for natural imagesthe size of the two dictionaries

and  should be in the order of O(10) and O(103) respectively which are the number of
phonemesand words for most natural languages.Intuitiv ely, textons are meaningful objects
viewed at distance (i.e. small scale),such as stars, birds, cheetah blobs, snow ak es, beans,
etc. (seeFig. 2).

This generative model extendsexisting work in the following aspects. Firstly, it is based
on larger imagesinstead of small image patchesand thus accourts for the inter-relationship
of the image componerts. Secondly it no longer assumesindependenceof image bases
and accourts for somespatial dependenceof basesand larger image structures. Thirdly, it
de nes textons formally assaiated with a generative model, which is in cortrast to some
vague conceptsin discriminative models.

Then the paper extendsthe generative model to motion sequenceand lighting variations
and studiesthe geometric, dynamic, and photometric structures of the texton represertation.

1. For geometric structures, a texton consistsof a small number of image baseswith
deformable spatial con gurations. The geometric structures are learned from a static
texture image with repeated elemers.

2. For dynamic structures, the motion of a texton is charactered by a Markov chain
model which may switch geometric con gurations over time. We call the moving
textons as\motons". The Markov chain models are learned using the trajectories of
the textons and their constituent image basesare inferred from the video sequences.

3. For photometric structures, a texton represerts a three-dimensional surface elemen
under varying illuminations and is called a \ligh ton". A lighton is a triplet of 2D
textons (i.e. it consistsof three 2D textons). For a given light source,a lighton image
is generatedas a linear sum of the three textons.

To summarize, if we view a video sequenceof 256 256 pixels with 256 frames as
a point in 256-space, then the texton dictionary that we de ne above contains lower-
dimensional manifolds living in sud space,and corresponds to fundamertal structures in
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imagesand videos. These manifolds are speci ed by parametersfor geometric transforms
and deformations, dynamics, and photometric variabilities.

Before we acceptthe three-level generative model, we tried other competitiv e ideasfor
de ning textons, sudh as K-mean clustering [25] and transformed componert analysis [14]
on the feature and image patch space. We will present the results of our early studies for
comparison.

The paper is organized as follows. In Section (2), we briey review some previous
work on learning over-complete image basesand K-mean clustering with experimerts. In
Section (3), we report two experiments on transformed componerts analysison the feature
spaceand image patch spacerespectively. Section (4) presens the generative model for
learning textons from static images. Section (5) preseris the motons which are learned
from image sequences. Section (6) presens the lightons which are 3D surface elemeris
under varying illuminations. Section(7) discussessomeremaining issuesand future work.

2 Background: over-complete basis and K-mean clustering

In this section, we review two previous studies for computing image componerts to pro-
vide somebadkground and make comparisons. One is the sparsecoding with over-complete
dictionary { a work basedon genertive modeling [30] and the other is the K-mean cluster-
ing for textons { basedon discriminative modeling [25]. The di erences and relationship
betweengenerative and discriminative models are referred to [37].

2.1 Sparse coding with over-complete basis

In image coding, one starts with a dictionary of basefunctions
=f (uv); =1L g

For example, some commonly used basesare Gabor, Laplacian-of-Gaussian(LoG), and
other wavelet transforms. Let A = (X;y; ; ) denotethe translation, rotation and scaling
transform of a basefunction, and G5 3 A the orthogonal transform space(group), then we
obtain a set of image bases

=f (UV;A):A=(XY; ; )2Ga; =150 g

A simple geneative image model, adopted in almost all image coding schemes,assumeghat
an image | is a linear superposition of someimage basesselectedfrom  plus a Gaussian
noiseimagen.

| = Pt 2 ;8 (1)
where ng is the number of basesand ; is the coe cient of the i-th base ;.

As isover-complete', the variables("i; i:Xi;Vi; i; i) indexingabase ; aretreated as
latent (hidden) variables and must be inferred probabilistically, in contrast to deterministic

1The number of basesin s often 100 times larger than the number of pixels in an image.



transforms sudch as the Fourier transform. All the hidden variables are summarizedin a
base map,
B = (ng;fb = (i; i;xi3yis 5 i) 11 = 12:15ns0):

If we view eath base ; asan attributed point with attributes I = ("i; i;Xi;Vi; i; i), then
B is an attributed spatial point process.

In the imagecoding literature, the basesare assumedo beindependertly and identically
distributed (iid), and the locations, scalesand orientations are assumedto be uniformly
distributed, so

L'(:!

p(B) p(ng)  p(b); (2
i=1

p(b) p( i) unif (i) unif(X;;y;) unif( i) unif( ): )

It was well-known that responsesof image Iters on natural imageshave high kurtosis
histograms. This meansthat most of the time the lters have nearly zeroresponse(i.e. they
are silent) and they are activated with large responseoccasionally This leadsto the sparse
coding idea by Olshausenand Field [30]2 For example, p( ) is chosento be a Laplacian
distribution, or a mixture of two Gaussianswith 1 closeto zero. For all i = 1;:::;ng,

X2
p( i) expfj ij=ag or p( )= !';N(O; j):
j=1
In fact, aslong as p( ) has high kurtosis, the exact form of p( ) is not so crucial. For

example,onecan choosea mixture of two uniform distributions onarange[ j; ], ] = 1,2
respectively, with 1 closeto zero,

X2
p( ;)= Lyunif[ 55 1
j=1

A slight confusionin the literature is that the sparsecoding schemeassumesng = j |,
i.e. all basesin the set are \activ ated". The prior p( ) is supposedto suppressmost of
the activations to zero. It is simple to prove that this is equivalert to assumep( ) to bea
uniform distribution and put a penalty to the model complexity, for examplep(ng) / e "8,
Sothe sparsecoding prior is essetially a model complexity term.

In the above image model, the basemap B includesthe hidden variables and the dictio-
nary are parameters. For example, Olshausenand Field usedL = 144 basefunctions,
eah beinga 12 12 matrix. Following an EM-learning algorithm, they learned from a
large number of natural image patches. Fig. 3 shavs someof the 144 basefunctions. Suc
basescapture someimage structures and are believed to bear resenblanceto the responses
of simple cellsin V1 of primates.

In their experiments, the training imagesare choppedinto 12 12 pixel patches,therefore
they didn't really inferred the hidden variablesfor the transformation A;. Thusthe learned
basesare not aligned at certers and are rather noisy.

2Note that the lter responsesare convolutions of a lter with image in a deterministic way, and are
dierent from the coe cien ts of the bases.



Figure 3: Someimagebaseslearnedwith sparsecoding by (Olshausenand Field, 1997)[30].

2.2 K-mean clustering in feature space

There is also somee ort of computing repeated image elemens by Leung and Malik [25],
who adopted a discriminative methad. Most recertly this method has been extended to
textures with lighting variations and texture surfacerendering[28,13].

In discriminative method, the basefunctions are treated as\Iters". By rotating and
scaling these functions, one obtains a set of lters fFq;F2;:::; Fnhg, which are convolved
with an input image | at ead location (x;y) 2 on a lattice . We denote all the Iter
responsesas a set of j | points in a m-dimensional feature space,

F=fF(xy)=(F1 1(Xy); Fm 1(Xy): 8(xy)2 g

In comparisonto the hidden variable B in the previous generative model, F is deterministic
transforms of the imagell.

If there are local structures occurring repeatedly in imagel, it is reasonableto believe
that the vectorsin set F must form clusters. A K-mean clustering algorithm is applied by
Leung and Malik, and ead cluster certer was said to correspond to a \texton" [25]. The
cluster certer can be visualized by a pseudo-irversewhich transfers a feature vector into an
image icon. More precisely let Fc = (fc1;::: fem) be a cluster certer, then an image icon

¢ (say 15 15 pixels) is computed by a least square t.

xn
c=argmin  (Fj ¢ fq)% c=12:5C (4)
j=1

We implement this work with some minor improvemerts and someresults are shovn
in Fig. 4 for 49 clusters on four texture images. Clearly, the cluster certers capture some
essetial image structures, suc as blobs for the cheetah skin pattern, bars for the cradk
and brick pattern, and edgecortrasts for the pine cone.

We have two obsenations for the two methods preseried above.

Firstly, the two methods have fundamental di erences. In a generative model, an image
| is \generated" in an explicit equation by the addition of a number of ng baseswhere
ng is usually 100 times smaller than the number of pixels j j. This leadsto tremendous
dimensionreduction for further image modeling. In contrast, in a discriminative model, | is
\constrained” by a set of feature vectors. The feature description is often 100 times larger
than the number of pixels! While both methods may use the samedictionary , in the
generative model, the basemap B is a random variable subject to stochastic inferenceand
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Figure 4. Upper row are four input texture images: cheetah skin, dry crads, pine cone,
and brick. The lower row displays C = 49 cluster certers arrangedin a 7 7 mosaic for
ead image. The imagesare re-scaledand normalized for display.

therefore the computation of B can be in uenced by other variables in a bottom-up/top-
down fashion, i.e. lateral inhibitations in a neuroscienceaerm. In the discriminative method,
the respnsesof Iters F are extracted from the imagein a bottom-up fashion.

Secondly the results in gures 3 and 4 manifest one obvious problem that the same
image structure appears many times which are shifted, rotated, or scaledversionsof eah
other. For the sparsecoding scheme, this is causedby cutting natural imagesinto small
training patchescertered at arbitrary locations. While in the K-mean clustering method,
it is causedby extracting a feature vector at every pixel and there was no interaction or
\explaining away" medanism in this method.

3 Learning transformed comp onents

To remaove redundancy among the learned image elemerts in previous section, one should
explicitly infer the orthogonal transformation A = (x;y; ; ) ashidden (latent) variables
and thusimagecomponerts are mergedif they are equivalent up to an orthogonal transform.
This is a technique called transformed componert analysis (TCA) by Frey and Jojic [14].

Supposewe extract from image| a set of N featuresor image patches, , ead with an
unknown transformation A 2 Ga.

=f5A): A=Y g in = L2 N
We call the transformed componerts of |. In the following, we presert two experimerts,
Iter TCA and patch TCA, asFig. 5 illustrates.
3.1 Transformed components in Iter space

In the rst case,we compute a feature vector at ead pixel by a number of m Iters as
in the K-mean clustering method above. Typically we use Laplacian of Gaussian (LoG),
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a. Filter TCA b. Patch TCA

Figure 5: The transformed componert analysis allows translation, rotation, and scaling of
local image features or patches.

Gabor sine (Gsin) and Gabor cosine (Gcos) at 7 scalesand 8 orientations. Thus m =
7+ 7 8+ 7 8= 119. These lters are arranged in a cone as shown in Fig. 5.a. We
subsamplethe imagelattice by 4 8 folds, and initialize the N conesat the subsampled
lattice (N = j j=16o0r| j=64).

Each feature ; choosesonly 2 scalesof the Iter cone shown by the bold curvesin
Fig. 5.a. Thus a transformed component (A) isan2+ 2 8+ 2 8= 34 dimensional
feature vector. The hidden variables (x;;y;; j) correspond to shift and rotation of the Iter
cone,and j corresponds to the selection of scalesfrom the cone (jumping up and down
the cone). The transforms are illustrated by the arrows in Fig. 5.

The movemert of the Iter conesare guided by the EM-algorithm to satisfy two con-
strains. 1). Each conemoves so that these Iter vectors form tighter clusters by merging
redundart clusters which are equivalernt up to orthogonal transforms. 2). Collectively the
conesshould cover the entire image otherwise it yields a trivial solution. We form a lik eli-
hood probability p(lj) by constraints from .

The results of the computation include a set of transformed componerts and C cluster
centers. Thesecluster certers are again visualized by an imageicon through pseudo-irverse.

Fig. 6 shows C = 3 center icons 1; »; 3 forthe cheetahand crack patterns. The image
maps next to ead icon are label maps where the black pixels are classi ed to this cluster.
Clearly, the three elemeris are respectively: 1| the certer of the blobs (or cracks),
| the rim of the blobs (or cradks), and 3| the badkground. In the experimerts, the
translation of ead Iter coneis con ned to be within alocal area(say 5 5 pixels), sothat
the image lattice is covered by the e ectiv e areasof the cone.

3.2 Transformed components in the space of image patc hes

In a secondexperimert, we replacethe feature represenation by imagewindowsof11l 11=
121 pixels. Thesewindows can be moved within a local areaand can be rotated and scaled
asFig. 5.billustrates. Thus ead transformed componert (A) is a local image patch. Like
the TCA in feature space,theselocal patchesare transformed to form tight clustersin the
121-spaceand the patchescollectively cover the obsenedimage. The learnedcluster certers
c;€c= 1;:::; C are the repeating micro image structures.
Fig. 7 showvs the C = 2 centers for the brick, cheetah, and pine cone patterns. The



Figure 6: The learnedbasicelemeris 1; »; 3 for the two patterns are shavn by the small
imageicons. To the right are label maps assaiated with theseicons.

image maps next to ead certer elemer is a set of windows which are transformed versions
of the elemens. 1 corresponds to the blobs, bars, and contrasts for the three patterns
respectively. , are for the badkgrounds.

In summary, the results in gures 6 and 7 presert a major improvemert from those in
gures 3 and 4, due to the inferenceof hidden variables for transforms. Howewer, there are
two main problems.

1. The transformed componerts f j;j = 1;::;;Ng only posesomeconstraints on image
I. An explicit generative image model is missing. As a result, the learned elemeris
;7 = 1;:::; C are contaminated by ead other, due to overlapping betweenadjacen

image windows or lter cones(seeFig. 5).

2. There is a lack of variability in the learned image elemeris. Taking the cheetah skin
pattern as an example, the blobs in the input image display deformations, whereas
the learnedelemeris ; are round-shaped. This is causedby the assumption of Gaus-
sian distribution for the clusters. In reality, the clusters have higher order geometric
structures which should be explored e ectiv ely.

To resolwe these problems, we extend the TCA model to a three-level generative model.
This extension allows us to explore the geometric, dynamic, and photometric structures of
textons.
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input image foreground elemeris background elemeris

Figure 7: The learned image patches (cluster certers) 1; » for three texture patterns are
shavn by the small images. To the left are windows of transformed versionsof the image
patchesassaiated with theseicons.

4 \T extons" { the basic geometric elements in images

4.1 A three-lev el generativ e model

Our comparisonstudy leadsusto a three-level generative model as shown in Fig. 2. In this
model, an image | is generatedby a basemap B as in image coding, and the basesare
selectedfrom a dictionary  with someorthogonal transforms. The basemap B s, in turn,
generatedby a texton map T. The texton elemens are selectedfrom a texton dictionary

with someorthogonal transforms. Each texton elemen in T consistsof a few baseswith
a deformable geometric con guration. Sowe have,

T ! B I I

with
=f v =12:L g and =f v =L2:L 0

By analogy to the waveform-phoneme-watt hierarchy in speed, the pixel-base-texton hi-
erarchy presers an increasingly abstract visual description. This represenation leadsto
dimension reduction and the texton elemens accourt for spatial co-occurenceof the image
bases.

To clarify terminology, a basefunction 2 islike a mother wavelet and animagebase
b in the basemap B is an instance under certain transforms of a basefunction. Similarly,
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altexton" in atexton dictionary 2 s a deformabletemplate, while a \texton elemen"
is an instancein the texton map T which is a transformed and deformedversion of a texton
in .

For natural images,it is reasonableto guessthat the number of basefunctions is about
j j = 0O(10), and the number of textons is in the order of j j = O(10%) for various
combinations. Intuitiv ely, textons are meaningful objects viewed at distance (i.e. small
scale),such as stars, birds, cheetah blobs, snow ak es, beans, etc. (seeFig. 2).

In this paper, we x the basedictionary to three common basefunctions: Laplacian-of-
Gaussian,Gabor cosine,Gabor sine, i.e.,

=f 1; 27 39=f L0oG;GcosGsing:

These basefunctions are not enoughfor patterns like hair or water, etc. But we x them
for simplicity and focus on the learning of texton dictionary . This paper is also limited
to learning textons for ead individual texture pattern instead of generic natural images,
thereforej | is a small number for ead texture.

Figure 8: Reconstructing a star pattern by two layers of bases. An individual star is
decomposedinto a LoG basein the upper layer for the body of the star plus a few other
bases(mostly Gcos, Gsin) in the lower layer for the angles.

Beforewe formulate the problem, we shav an exampleof simple star pattern to illustrate
the generative texton model. In Fig. 8, we rst show the three basefunctionsin  (the rst
row) and their symbolic sketches. Then for an input image, a matching pursuit algorithm
[29] is adopted to compute the basemap B in a bottom-up fashion. This base map will
be modi ed later by stochastic inference. It is generally obsened that the basemap B can
be divided into two sub-layers. One sub-layer hasrelatively large (\heavy") coecients ;
and captures somelarger image structures. For the star pattern these are the LoG bases
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shown in the rst column. We shaw both the symbolic sketch of these LoG bases(above)
and the image generatedby these bases(below). The heavy basesare usually surrounded
by a number of \ligh t" baseswith relatively small coe cien ts ;. We put these secondary
basesin another sub-layer (seethe secondcolumn of Fig. 8). When theseimage basesare
superpositioned, they generatea reconstructed image (seethe third columnin Fig. 8). The
residuesof reconstruction are assumedto be Gaussiannoise.

By an analogy to physics model, we call the heavy basesthe \n ucleus bases"as they
have heavy weights like protons and neutrons, and the light basesthe \electron bases".
Fig. 9 displays an \atomic" model for the star texton. It is a LoG basesurrounded by 5
electron bases.

Figure 9: A texton for the star pattern  consistsof a nucleusbase(LoG) and v e electron
bases(Gsin). We shaw the sketchesand the imagesfor the texton and the six bases.

In the rest of this section, we show a statistical formulation and algorithm for inferring
the basemap B and the texton map T and learning the texton dictionary

4.2 Problem form ulation

The three-level generative model is governedby a joint probability speci ed with parameters
=( 5 )
p(1;B;T;) =p(jB; IpBiT; Ip(T; );
where and are dictionaries for two generating processesand p(T; ) is a descriptive
(Gibbs) model for the spatial distribution of the textons as a stochastic attributed point

process[16].
We rewrite the basemap as
B =(ng;fh=Ci; i;Xisyis i i) 1= 1,2,:5n0): (5)
Becausewe assumeGaussiandistribution N (0; 2) for the reconstruction residues,we have
_ X Xs o o s
p(1jB; )/ expf (1(u;v) i (WViXiYE i i))7=2 60 (6)
(uv)2 i=1

The ng basesin basemap B are divided into nt + 1 groups (nt < ng).
fh=Ci oxioyis i )= 5L2neg=$o[ $1[ [ $n;:

Basesin $( are \free electrons” which do not belong to any texton, and are subject to
the independert distribution p(b) in equation (3). Basesin any other classform a texton
elemen T;, and the texton map is
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T=(7: 8T =Cis XY io g0 i) = L2 n70):

Each texton elemen T; is specied by its type 'j, photometric cortrast j, translation
(xj;yj), rotation j, scaling j and deformation vector j. A texton 2  consistsof m
image baseswith a certain deformable con guration

=(Cy 111 Coo20 X250 y20 20 2555 Cms my Xms Yms ms m)):

The ( x; y; ; ) arethe relative positions, orientations and scales.
Therefore, we have

. Y Y :
P(BJT; )= p(i$ o)) p(b)  PScTe o)
q2$0 c=1

p(T; ) is another distribution which accourts for the number of textons nt and the spatial
relationship amongthem. It can be a Gibbs model for attributed point processstudied in
[16]. For simplicity, we assumethe textons are independert at this momern as a special
Gibbs model.

By integrating out the hidden variables’, we obtain a likelihood probability for any
obsenable image | °bs,

4
p(1°%%) = p(1°™%B; )p(BjT; )p(T; ) dB dT:

In p(l; ) above, the parameters (dictionaries, etc.) characterize the entire image
ensenble, like the vocabulary for English or Chineselanguages. In cortrast, the hidden
variables B; T are assaiated with an individual image I, and correspond to the parsing
tree in language.

Our goalis to learn the parameters = ( ; ; ) by maximum likelihood estimation,
or equivalently minimizing a Kullback-Leibler divergencebetweena underlying probability
of imagesf (1) and p(I; ).

=( ; ;) =argminKL{jjp(l;)) = argmaxX logp(19°S; ) + : (7)

m
is an approximation error which diminishesassu cien t data are available for training. In
practice, may decidethe complexity of the models, and thus the number of basefunctions
L and textons L . For clarity, we useonly one large 1°S for training, becausemultiple
imagescan be consideredjust patchesof a larger image. For motion and lighting modelsin
later sections,| °* is extendedto image sequenceand imagesetwith illumination variations.

3Somevariables in B; T are discrete, but we write the integration for notation clarity.
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4.3 Stochastic algorithm { Data-Driv en Mark ov Chain Mon te Carlo

Taking derivative of the log-likelihood with respectto  and setit to zero,

@og pé ™) - o
we have by standard techniques,

0 = W@@Z p(1°°%;B;T; ) dBdT (8)
= i Z GopUIZBITE) povsp; 1) amaT ©
_C @ogpug;s;m p(';EISLbB;T);) 4B T 10)
_ Z[@ogp(gbsjB; ), @ogpé@BjT; ), @oggp(T; DJo(B: TjI% ) dB dT(L1)

Solving equation (11) needs stochastic algorithms which go a long way beyond the
convertional EM-type algorithms [12]. Our objective is to nd glokally optimal solutions
for ; while conventional EM is prone to local minima and furthermore the hidden
variables T and B have changing dimensions. We proposeto usethe data driven Markov
chain Monte Carlo (DDMCMC) algorithm [33].

The algorithm iterates two steps, like EM algorithm.

Step A: Design a Data-Driven Markov chain Monte Carlo (DDMCMC) sampler to
draw samplesof the latent variables from the posterior probability for a current

(BY™TR™  p(B;TiI®) / p(1°%%B; )p(BIT; )p(T; ); k= LusK:
The DDMCMC sampling processincludes designingtwo typesof dynamics:

Rewersiblejump dynamicsfor the death/birth of basesthe switching of basefunctions
(i.e. types), the grouping and un-grouping of basesin texton elemers, etc. The
death and birth of basesrealize a stochastic version of the matching pursuit method
by Mallat et al. [29].

Stochastic di usions and Gibbs samplerfor adjusting the positions, scales,and orien-
tations of basesand texton elemeris.

The main idea of DDMCMC is to use data driven techniques, sud as clustering, feature
detection, matching pursuit, to compute heuristics expressedas importance proposal prob-
abilities q() in the reversible jumps. The convergencerate of MCMC critically dependson
the importance proposal probabilities q(). Intuitiv ely, the closerq() approximates p(), the
faster the corvergence. The DDMCMC methods have been applied to image, range, and
motion segmeimation with very satisfactory speedin our experiments [33].

Step B: Calculate the integration in equation (11) (i.e. expectation with respect to
p(B;Tjl°bs; )) by importance sampling, therefore, the parametersin ; are learned by
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gradient descem. Let t be the time step and the (t) is the step sizeat time t.

@ogp(1°°5iBY™; )

X
G+ = @ @ O
k=1 @
X syn:+syn.
(+D = @ o o+ @ FOPECITT)
k=1

Thus we could selectK = 1 if the step size (t) is small enough. This algorithm converges
to global maximum as the following theorem states [15].

Theorem 1. (Gu and Kong, 1998) Under regularity conditions on the step size (t),

ie.
% 2
t=1; <1
t=1 t=1

and other mild conditions on the MCMC transition kernel and on a deterministic dynam-
ics in the form of an ordinary dier ential equation derived from the algorithm, we have
(CY; )! ( ; ) almostsurely, where ( ; ) is the glotally optimal solution.

Because and have both discrete and corntin uous variables, so the computational
processconsistsof two typesof dynamics.

Rewersible jump dynamics for creating/deleting basefunctions, adding and remaoving,
splitting or merging basesin a texton 2

Stochastic di usion dynamics and Gibbs sampler for adjusting the parametersin the
basefunctions and the texton templates.

4.4 Experiments on learning textons from static texture images

Figure 10: The basemap b) of the star pattern becomegegular after the stochastic inference
and learning, comparing to the basemap in Fig. 9.

Now we present some experimertal results. Given an input texture image, we X
to be the three bases,and run a matching pursuit algorithm for initialization. We rst
extract the baseswith large coe cien ts and treat them as candidatesfor the nuclei of the
texton elemerns. Then we add baseswith small coe cien ts and group them to the nearest
nucleus base. This step is a bottom-up. Then we run the stochastic learning algorithm
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which infers the basemap and texton map, and nd common spatial structures to form the
texton dictionary

The rst exampleis the star pattern. The basemap from the bottom-up computation
is shavn in Fig. 8. Due to over-complete baserepresenation and the noisein the image, a
star can be reconstructed in various ways, and theseare re ected in the variation of bases
for eadh texton elemen. After learning, the inferred basemap is shavn in Fig. 10, and ead
star has nearly the samestructure. The star texton is shown in Fig. 9. It consistsof a LoG
baseasits \nucleus" and v e Gsin basesas its \electrons". Our choice of basedictionary

and additive model has obvious artifacts in reconstruction around sharp edgeswhich are
causedby occlusion.

Figure 11: a). An input image of birds, b). the basemap computed by matching pursuit in
a bottom-up step, ). the reconstructed image from the basemap in b), d). the basemap
after the learning process,e). the reconstructed image with the basemap in d).

Figure 12: Three textons 1; »; 3 arelearnedfor the bird image. Each texton has4 bases.
We show the sketches and images for these textons and bases. The last row showvs v e
instancesfor eat of the three textons.

In the secondexample,we shaw a bird imagein Fig. 11. Again the bottom-up basemap
in Fig. 11.bis improved in Fig. 11.d after the learning process.Note that the reconstructed
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imagesin Fig. 11.c and Fig. 11.e are more or lessthe same. This bird image has three
textons for various gesturesof the birds. We shav 1; 2; 3 and their instancesin Fig. 12.

Figure 13: a). An input image of cheetah skin, b). the basemap computed by matching
pursuit in a bottom-up step, c). the reconstructed image from the basemap in b), d). the
basemap after the learning process,e). the reconstructed image with the basemap in d).

Our third example is a cheetah skin pattern. Fig. 13.b displays the bottom-up base
map, where the white circles are LoG basesthat capture the strong lighting (brightness)
as the image is not uniformly lighted. The inferred basesin Fig. 13.d are generatedfrom
the texton map with the white LoG baseremoved. Two textons are computed and shovn
in Fig. 14. ; hastwo LoG basesfor the elongatedblobs and , hasone LoG basefor the
round blobs. We show 9 instancesfor 1 and 4 instancesfor 5.

Figure 14: Two textons are learnedfor the cheetah skin pattern. 1 hastwo LoG basesfor
the elongatedblobs and , hasone LoG basefor the round blobs. We show 9 instancesfor

1 and 4 instancesfor .

The fourth exampleis a heart pattern in Fig. 15. A heart texton consistsof v e bases:
a LoG basefor the \n ucleus" which is added by two LoG plus two Gsin as\electrons”. The
fth exampleis an image with four letters shown in Fig. 16. Only Gsin basesare selected
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as \strok es" for the letters. Then four textons are learned and shown in Fig. 16. These
textons correspond to the four letters.

Figure 15: a). An input image of heart pattern, b). the basemap after the learning process,
c). the reconstructedimagewith the basemap in b). A heart texton consistsof v e bases.

Figure 16: a). An input image with four letters, b). the base map after the learning
process,c). the reconstructed image with the basemap in b). Four textons ;i = 1;2;3;4
are computed with Gcosasthe strokes.

The last example is a leaf pattern as shown in Fig. 17. The learned texton has four
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bases.Ten texton elemer instancesare shown in Fig. 17.d, which illustrates the variations
of the leaves.

Figure 17: a). An input image of leaves, b). the basemap after the learning process,c).
the reconstructed image with the basemap in b), d). The sketch and image of the learned
texton with four bases,and 10 texton elemen instances.

5 \Motons" { textons with motion dynamics

In this section, we augmert the geometric structures of textons by studying their dynamic
properties in video sequencesWe call the moving textons as\motons". Examplesinclude
a falling snov ake, or a ying bird viewed in distance, etc. The modeling of motons
originates from modeling textured motion patterns by Wang and Zhu[34, 35]. Generative
texton models with motion dynamics is also used by Li, Wang and Shum in animating
characters[26].

We start with a generative model for image sequence. Let |[0;L] denote an image
sequencewith L + 1 frames, and I(t) a frame at time t 2 f0;1;2;:::;;Lg. Each frame I(t)
is generatedby the three-level generative model in the previous section. Therefore a base
map B (t) is computed from I(t), and the basesin B (t) are further grouped into a number
of texton elemens in atexton map T (t). Oncethesetexton elemens and basesare tracked
over the image frames, we obtain a number of \moton elemers”. Fig. 18 shaovs a moton
elemen. We call this a \cable” model where the trajectory of the nucleus baseforms the
coreand the electronic basetra jectories form coil of the cablethrough rotation. In practice,
the core of a moton is relatively consistert through its life span, and the number of coill
basesmay changeover time.
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Figure 18: a). A linear \cable" Markov chain model for motons.

Each moton elemert hasa life-span[t°t9] [0;L] and we call t°;t9 the birth and death
frames of a texton respectively. Thus a moton elemen (\cable") is denoted by

C= gt = (TP, T(tP+ 1);::; T(tY); (12)

whereT(t) is a 2D texton elemert at time t. Sometimes,the moton elemen may changeits
texton type over time, for examplein the bird ying examplethat we will presert shortly.

Figure 19: An exampleof snoning sequence A texton s learnedfrom a snowing sequence
and a variety of snow ak e instancesat various scalesand orientations are randomly sampled
from the template

The moton map M for I[0; L] consistsof a number of ny moton elemeris (cables),
M = (nw;fCiIt% 90 = 15,2 0w 0):

Figures 20.b and 23.b shav two examplesof M for the snawing and bird ying sequences,
where ead trajectory is a moton elemen. Thesemoton elemerns are instancesof a moton
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Figure 20: The computed tra jectories of snow ak esand the sourceand sink maps.

dictionary, o

=f =(p ¢ me)i = L2250 O
In the above notation, L,; ;, are respectively the parameters specifying the birth, death
probability of a certain moton ~ and |, is the parameter for the probability specifying the

motion dynamics.
In summary, we have the following generative model for a video,

M ! T[O)L] ! B[O;L] ! I[OL]:

Thus we have a likelihood model for the video I [0; L],

Z v
PI°OLL ) = [ p(I°*(®iB(1); )PBT(t); JIP(TO;LLM)p(M; )dM dBdT
t=0

For simplicity, we assumeM generatesT [0; L] as a deterministic function. In practice, it
is more complicated due to baseocclusions.

For clarity, we assumeonly one moton L = 1 for a texture motion sequenceand the
moton elemerns are independert of ead other. Therefore the probability for the moton

map is

i
PM; ) = p(nm)  Pe(Ti(t!): p)po (Tt 7 )pme(Ti(tP+ DITi(t))
i=1

d
(

Pmc(Ti(DjTi(t  1);Ti(t  2); me):

t=tP+2

The initial and ending probabilities of the moton elemen are represerted by the birth
(source)and death (sink) probability mapsps (); ppo (). Such probabilities accourt for where
the moton elemerts are likely to comeand leave in the image. For example, gures 20.cand
20.d are the birth and death maps for the snowing sequence.Dark intensity meanshigh
probability. Thus the algorithm automatically learnsthat the snawv ak esenter the picture
from the upper-right corner and leave at the bottom-left corner. Similarly, gures 23.cand
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23.d show the sourcesand sinks for the birds. It is quite sparsedue to the small number of
birds in the obsened sequence.

The conditional probabilities pmc(Tij jTij 1, Tij 2; mc) determinethe motion dynamics
(Markov chain model) of eath type of motons. We usethe cornvertional secondorder auto-
regression(AR) model to t the motion trajectories, which works ne for the snov and
ying birds. For the ying bird cable, we have three textons as we discussedin the last
section, and the birds switch amongthesetextons over time. Thuswe adopt a Markov chain
model to switch its status usinga 3 3 transition probability matrix. This simple model is
shown in Fig. 22. The AR model parametersand the Markov chain transition probabilities
are included in .

We demonstrate two examplesand more examplesare reported in [34]. The rst ex-
ample is a snaving sequencen Fig. 19. A texton s learned and a variety of snow ak e
instancesat various scalesand orientations are randomly sampledfrom the template . This
demonstratesthe variability of the snow texton. The moton elemerts, their birth/death
maps are shown in Fig. 20.

Fig. 21 shaws a portion of the bird ying sequenceand its symbolic sketch. We further
shawv the atomic model for eadh bird instance in Fig. 21.d. Fig. 22 shows the transition of
bird texton states: wings up, gliding, and wings down. Fig. 23 displays the motons, the
sources,and the sinks.

Figure 21: An exampleof bird sequenceand the symbolic sketch and atomic modelsfor the
bird instances.

Figure 22: The Markov chain model for ying birds which switch amongthe three texton
states.
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Figure 23: The computed trajectories of ying birds and the sourceand sink maps.

6 \Ligh tons" { textons under varying lighting conditions

The previous two sectionsdiscussedthe geometric and dynamic properties of textons (mo-
tons). In the generative models, the photometric property of textons is represerted by a
coecient for image baseswhich represens the intensity contrast. This is essetially a
two-dimensional represettation and is over-simpli ed for surfaceswith 3D structures. For
example, Koenderink et al. studied 3D pitted surfacesempirically. These surfaceshave
micro-image structures that change appearancewith varying lighting conditions [23]. In
this section, we slightly extend the generative model to a higher dimension represettation
and accourt for illumination variations.

Consider a rough 3D surface with unit surface normal A(X;y) = (n1;n2;n3)(Xx;y) and
surfacealbedo (Xx;y), and supposethe surfaceis illuminated by a point light sourcewhich is
at relatively far distance and comesfrom direction S = (s;; Sp; S3), then under Lambertian
re ectance model, one arrivesat a classicimage model,

L(GY) = (XY) < A(XY);S>= s1bi(X;y) + saba(x; y) + s3bs(x;y);

with bi(x;y) = (X y)ni(x;y); 8i; x;y. Rewrite imagesl and b;;i = 1;2; 3 aslong vectors
in the j-space,we have a simple additive model,

| = s1b1 + sobo + s3b3: (13)

It was known that all imagesof the surface (from a xed view point) under varying illu-
minations span a 3-dimensional space(or illumination cone) de ned by the three images
(axesof the cone) bq;by; bz [5]. Therefore the three axis imagesb;;by; b3 characterize all
the imagesof a 3D surfaceunder the assumptionsmade above.

Given a set of imagesof a 3D surface,one can solve for the three axis imagesbi;b2;bs
by uncalibrated photometric stereoalgorithms [20, 31] using singular value decomgosition
(SVD). The solution is up to a generalizedBas-relief (GBR) transform [31, 6].

We shaw two simple examplesin this sectionto illustrate the ideas. In Fig. 24 we show
six imagesof a 3D surface(many small spheres)under various illuminations. The computed
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Figure 24: A set of input imagesfor small spheresunder varying illuminations. We use
20 imageswith lighting directions sampled evenly over the illumination hemisphere. Six of
them are shawn here.

Figure 25: Three image basescomputed by SVD from a set of input imagesunder varying
illuminations.

three axis imagesbi;by; b3 are shavn in Fig. 25 by photometric stereo. Similarly Fig. 26
shaws six imagesof a 3D surfacewith beans,and the computed three axis imagesare shavn
in Fig. 27.
Following the additive image model (eq.(1)), we decomposethe axis imagesasthe sum

of a number of image bases

Xei _

bi = it 52 5= L3

j=1

Sowe have three basemaps, one for ead axis image,
Bi= (ng,;f § :j =1,2:5ng,0); fori=123:

The basesin ead basemap are further grouped into a number of textons and form three
texton maps (T 1; T 2; T 3).

Becausethe bases ;i = 1,2,3;j = 1;::;ng, are renderedby 3D surface structures,
like the beans and spheres,the textons must be coupled acrossthe three texton maps.
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Figure 26: A set of input imagesfor beansunder varying illuminations. We use 20 images
with lighting directions sampled evenly over the illumination hemisphere. Six of them are
shown here.

Figure 27: Three image basescomputed by SVD from a set of input imagesunder varying
illuminations.

Therefore we de ne a new elemen called\ligh ton". A lighton, denotedby ! , is a triplet of
coupled 2D textons { one from ead axis image,and is the set of lightons. Therefore

=fly:k=212:500g with Ty = ( k1) k2; k3): (14)

Supposewe denote the lighton map by L, then we have the following generative model
of images,

L | (TuT2Ts) ! (BuBxBa) ! (bibabg) ¥ (15)

In summary, the lighton map L generatesthree coupled texton maps (T 1; T 2; T 3) using
the lighton dictionary, which in turn generatesthree base maps (B1;B;B3) using the
texton dictionary. The basemapsgeneratethe three axis images(b1; b,; b3) using the base
dictionary. Under a given lighting direction (s;; Sz; S3), the axis imagescreate an image|l .

The learning of the lightons follows the sameformulation and stochastic algorithm pre-
serted for learning textons and motons. The key di erence from previous models is that
the grouping of basesinto textons and orthogonal transforms must be done by coupling the
three axis images.

For clarity of preseration, we presert somedetailed analysisin an appendix and explain
why the texton triplet (or lighton) corresponds to fundamenal 3D surface structures at
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Figure 28: The lighton for the spheresis a texton triplet (i.e. three coupled textons). 32
instancesare showvn under various lighting directions.

Figure 29: The lighton for the beansis a texton triplet (i.e. three coupled textons). 32
instancesare shavn under various lighting directions.

various locations, orientations, and scales. In the following, we shav two examplesof the
lightons for the sphereand beanimagesin gures 28 and 29 respectively. For the simple
case,the algorithm captures the sphereand bean as repeated elemerts in the 20 images.
Each lighton (sphereor bean) is shovn by the texton triplet (sketch) and three axis image
patchesin the top. Then we sample 32 lighting directions in the illumination sphere (8
angle for 4 directions), and we have 32 instancesof the lightons.
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7 Discussion

In this paper, we presern a seriesof generative models and experiments for learning the
fundamertal image structures from textural images. The results are expressedin three
dictionaries ; ; for the textons, motons, and lightons respectively which characterize
the geometric, dynamic and photometric properties of the basic structures. Theseconcepts
are de ned as parametersof the generative image modelsand thus can be learned by model
tting.

In future researt, we plan to expandthe work to learning the full texton/moton/ligh ton
dictionaries from genericnatural imagesand videos. The following problems are currently
under investigation.

1). The basefunctions in this paper arelimited to the LoG, Gcos,and Gsin functions,
which must be extended to better accourt for images, such as, water, hair, shading[1§.
Somebasesmust alsobe global, and form nearly periodic patterns, for example,the patterns
discussedin Liu et al. [27].

2). The current model works on elemeris which are well separable. When sewere oc-
clusions preseri among elemerts, then it becomesmore dicult to group the basesinto
textons. In sud case,textons simply do not exist in free-form. By analogy to physics,
the atoms (textons) exist in the form of large structure moleculesand polymers by sharing
someelectronswith ead other. This must involve spatial processegor the basemap which
is called the Gestalt elds[16].

We shawv one of most recert results for learning textons from natural images[1T where
the connectivity of textons are included in the model. Figure 30.ais an input natural
image. We divide the image lattice into two parts. One has sharp geometric cortrast and
is said to be \sketchable". The other part (rest of the lattice) is stochastic texture with
no distinguishable structures and is said to be \non-sketchable". The graph structure is
computed for the sketchable part and is shown in Figure 30.b. We call it the primal sketch
of the image. Each vertex in this graph is assaiated with an image primitiv e in the image
dictionary. We show a subset of the dictionary in Figure 30.c where the primitiv es are
sorted according to their degreesof connectivities: blobs, endpoints, bars, t-junctions and
crossjunctions etc. With these primitiv es we can reconstruct the sketchable part of the
image by generative models. Then the non-sketchable parts are modeled by texture models.
More details are referredto [17]. This example shavs that we can infer textons in a global
context from natural images.

3). In mathematical terms, the textons/motons/ligh tons are lower dimensional mani-
folds embeddedin extremely high dimensional image (video) spaces. These manifolds are
controlled by the parametersin the three dictionaries ; ; . In our current study, the
photometric structures are studied separately from the geometric and dynamic properties.
But in the real world scene,the three aspects must be studied jointly, for example, the
ashing light re ected from a swimming pool, etc.

We are studying these problemsin ongoing projects.
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a. an image b. image sketch

c. examplesof textons learned from natural images.

Figure 30: Learning 2D textons from natural imagesby primal sketch. After (Guo, Zhu
and Wu, 2003)
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App endix: Deriving lightons from 3D surface elements

In this appendix, we briey show physical meaning of the lightons and the relationship
betweenthe lighton represeration (i.e. texton triplet) and the three dimensional surface
elemerts.

Suppose a 3D textured surface consists of a number of n. 3D elemers, such as the
spheresand beansin gures 24 and 26. Many other examplesare shown in [23]. The visible
surfaceof the 3D elemen at unit scaleis represened by a height function hy(u;v) at a 2D
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domain Dy, and it has surfacealbedo o(u;Vv). Sowe have a basic represettation of the
elemen by
( o(u;v);ho(u;v));  8(u;v) 2 Do

It is well known that the height hy(u;Vv) can alsobe represered by the unit surfacenormal
maps

(@o=@; @o=@; 1) .
1+ (@o=@)2+ (@o=@)%
Furthermore, we can preseri the elemen by a triplet of images

Ro(U; V) = (No1(U; V); Ne2(U; V); Ne3(U; v)) = p

(bo1;bo2;bo3)(U; V) = o(U; V) (No1s No2; No3)(U; V):

This is the physical model of the lightons .

Now supposethe 3D texture surfaceis generatedby embedding the 3D elemerns in a
2D at plane at various locations, scales(sizes), and orientations. It is straight-forward
to show that the three axis images(that span the illumination cone) can be decompsed
into the lightons with orthogonal transforms.

Each surfaceelemert Lj;j = 1,2;::;;n_ is a translated, rotated and scaledversion and
hasdomain D; at the texture plane. We denotethe translation by (x;;y;), and the rotation

(j)andscaling( j) bya2 2 matrix
!

A-:i coy j); sin( ;)
J J- sin( j); cos(j)

We assumethe plane hasconstart height and constart albedo , thus the 3D texture
surfacehas height

iho(Aj (X X))y ¥NY:  if(xy)2Dj;j = L2unng:

h(xy) = : else

with albedo map

coyy= oA Xy v i ay) 2Dy = L2
’ X else
The three axis imagesare

(b1;b2;b3)(xy) = (X;y) (@E-Xiy()(;l@fé@;(f i/)@flz@é)zl):

Then it is straight- forward to show that at eam domain

1 1
1 cog j); sin(j); 0 bo1
@by K = ?@sm( i), coq j); Og%boz for (x;y) 2 D;:
bs (xy) 0 1 bos (x x5y ¥)AD)

This equation shows that the basesand textons in bj;b»; b3 are coupled, and it is usedin
clustering the lightons.
This model will have problem when the 3D elemerns occlude ead other.
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